Abstract. In this paper we give some positive and negative results about the contact property for the energy levels Σc of a symplectic magnetic field on S 2 . In the first part we focus on the case of the area form on a surface of revolution. We state a sufficient condition for an energy level to be of contact type and give an example where the contact property fails. If the magnetic curvature is positive, the dynamics and the action of invariant measures can be numerically computed. This hints at the conjecture that an energy level of a symplectic magnetic field with positive magnetic curvature should be of contact type.
Introduction
Let the triple (M, g, σ) represent a magnetic system, where M is a closed manifold, g is a Riemannian metric and σ is a closed 2-form on M . The magnetic form σ gives rise to a Hamiltonian vector field X σ on the symplectic manifold (T M, dα − π * σ). Here π is the projection from T S 2 to S 2 and α is the pull-back of the Liouville 1-form λ on the cotangent bundle via the duality isomorphism given by g. The kinetic energy E (x, v) = 1 2 g x (v, v) is the Hamiltonian function associated to X σ . The dynamics of the magnetic field received much attention in the last three decades, in particular, as regard the existence of periodic orbits. When M is a surface, the two classical approaches that have been pursued are the Morse-Novikov theory and symplectic topology (see Taȋmanov's [Taȋ92] and Ginzburg's [Gin96] surveys for details and further references). More recently, many other techniques have been developed. Some of them rely on the (weakly) exactness of the magnetic form [BT98, Pol98, Mac04, CMP04, Osu05, Con06, Pat06, Mer10, FS07, Taȋ10] . Others seek solutions with low kinetic energy [Sch06] and the majority of them assume further that σ is symplectic [Ker99, GK99, Mac03, GK02, CGK04, GG04, Ker05, Lu06, GG09, Ush09]. Schneider's approach [Sch11, Sch12a, Sch12b] for orientable surfaces and symplectic σ uses a suitable index theory and shows in a very transparent way how the Riemannian geometry of g influences the problem. Finally, we point out [Koh09] where heat flow techniques are employed and [FMP12, FMP13] which construct a Floer theory for particular magnetic fields. This paper studies some aspects of magnetic dynamics when M is the 2-sphere and σ is symplectic. We know that the zero section is the set of rest points for the flow and all the 3-manifolds Σ c := {E = c}, with c > 0 are invariant sets. Hence, we can analyze the dynamics X σ Σc separately for every c. In particular we are interested to determine whether Σ c is of contact type or not. Hypersurfaces of contact type in symplectic manifolds have been intensively studied in relation to the problem of the existence of closed orbits. After some positive results in particular cases [Wei78, Rab78, Rab79] , in 1978 Alan Weinstein conjectured that every closed hypersurface of contact type (under some additional homological condition now thought to be unnecessary) carries a periodic orbit [Wei79] . After many intermediate achievements (we only mention the case of cotangent bundles [HV88] , which is related to our discussion), in 2007 the conjecture has been proved for closed 3-manifolds by Taubes [Tau07] . Recently Cristofaro-Gardiner and Hutchings have improved the lower bound on the number of periodic orbits in dimension 3 to two ( [CGH12] ). The case of irrational ellipsoids in C 2 shows that their estimate is sharp. The main examples of hypersurfaces of contact type are given by boundaries of star-shaped regions in C n and fiberwise star-shaped regions in standard cotangent bundles (T * M, dλ). As a consequence, if H : T * M → R is a convex superlinear Hamiltonian, its energy levels above the strict Mañé critical value are of contact type with respect to dλ (see [CIPP98,  Corollary 2]). For exact magnetic fields on orientable surfaces the critical value is given by Hence, if c > c 0 (g, σ), Σ c is of contact type. If M is not the 2-torus, in [CMP04] the converse implication is also proved. Namely, Σ c is not of contact type if c ≤ c 0 (g, σ). Thus, one can wonder how this picture changes when σ is not exact. When M = T 2 , we still have that dα − π * σ is exact on Σ c . If K is the Gaussian curvature of g and µ its Riemannian volume, we define σ := σ − [σ] 2πχ(M) Kµ, where [σ] = S 2 σ. Then, σ is exact and any 1-form β such that dβ = σ yields a primitive α − π * β + [σ] 4πχ(M)c ψ of (dα − π * σ) Σc , where ψ is the Levi Civita connection form. Using this kind of primitives, and assuming that σ is symplectic, in Proposition 3.3 we find a subset of energies C(g, σ), where the contact properties hold. Let f : S 2 → R be defined by σ = f µ and let m(g, σ) := 2c 0 (g, σ). Then, C(g, σ) = (0, +∞) provided m(g, σ)
2 <
[σ] inf f π and (0,
2 ) ⊂ C(g, σ), otherwise. Here m − (g, σ) and m + (g, σ) are the two roots of the quadratic equation A first natural choice, when K > 0, would be to take σ = Kµ. In this case m(g, Kµ) = 0 and every energy level is of contact type. A second natural choice, without any assumption on K, would be to take σ = µ. In this case the inclusion of the two intervals in C(g, σ) is an equality, so that we have a precise description of this set, once we know m(g, µ). In Section 4 we carry out such computation for surfaces of revolution highlighting the relation between m(g, µ) and geometric properties of (S 2 , g). For example, in Proposition 4.4 we show that m(g, µ) 2 <
[µ]
π , and hence C(g, µ) = (0, +∞), provided the surface of revolution is symmetric with respect to the equator and the curvature increases when we move from the poles to the equator. On the other hand, m(g, µ) is bounded from below when the curvature is concentrated around at least one of the poles. This opposite behaviour yields the following result. Proposition 1.1. For every C > 0, there exists a convex surface with total area 4π such that m(g, µ) > C.
At this point one would like to understand how good is the set C(g, µ) in approximating the actual set of energies where the contact property holds. For this purpose we employ McDuff's criterion [McD87] , which says that Σ c is of contact type provided all the X σ -invariant measures supported on this hypersurface have positive action. Finding the actions of an invariant measure is usually a difficult task. However, for surfaces of revolution there are always some latitudes that are the supports of periodic orbits. We compute the action of such latitudes in Proposition 4.7. When the magnetic curvature K c := 2cK − √ 2c(df • ) + f is positive, we only have two periodic orbits of this type and their action is positive. Therefore, they do not represent an obstruction to the contact property in this case. In addition, under the same curvature assumption, we are able to give a simple description of the dynamics of the symplectic reduction of the system induced by the rotational symmetry (see Proposition 4.6). In particular, this allows to devise a numerical strategy to compute the action of all the ergodic measures as we explain in Section 4.3. The data we have collected suggest that all such actions are positive, hinting, therefore, at the following conjecture. Conjecture 1.2. Let (S 2 , g, σ) be a symplectic magnetic system and suppose that for some c > 0, the magnetic curvature is positive. Then, Σ c is of contact type.
The numerical computations, and possibly an affirmative answer to the conjecture, would then indicate that the system (S 2 , g, µ) associated to a convex surface of revolution would be of contact type at every energy level and show that C(g, µ) does not describe the actual set of contact type energies in the cases provided by Proposition 1.1. We also remark that establishing the conjecture will yield another proof of Corollary 1.3 in [Sch12a] about the existence of two closed orbits on every energy level, when K ≥ 0 and f > 0.
To complete the picture, in Proposition 4.8 we construct energy levels of contact type without the positive magnetic curvature assumption and, using again Proposition 4.7, in Proposition 4.9 we give an example of an energy level which is not of contact type.
In the last part of the paper we go back to the general case of a symplectic magnetic form on S 2 focusing on low energy levels. By the previous discussion, we know that they are of contact type. Moreover they are diffeomorphic to the real projective space so that we have double covers p c : S 3 → Σ c . Thus, we can pull back the contact form on Σ c to a contact form on S 3 . In [HWZ98] , Hofer, Wysocki and Zehnder singled out the subclass of tight and dynamically convex contact form on S 3 for which the associated Reeb dynamics has a simple qualitative description via a disk-like surface of section. We shall prove in Section 6 that our pull-back forms fall into this class. Proposition 1.3. If the energy c is low enough, there exists a contact structure τ c on Σ c and a covering map p c : S 3 → Σ c such that
c τ c is tight and dynamically convex. Remark 1.4. As we will observe later, τ c is tight and dynamically convex if and only if p * c τ c is. Hence, the statement does not depend on the choice of p c . This result is analogous to the dynamical convexity of geodesic flows of suitably pinched Finsler metrics on S 2 , proved in [HP08] . In the magnetic case low kinetic energy plays the same role as the pinching condition in the Finsler case when it comes to estimating the linearization of the flow. Further interplay between contact and Finsler geometry has been explored in [HS12] . There it is shown that geodesics with exactly 1 self-intersection cannot occur for dynamically convex Finsler metrics and, following results of Ballmann [Bal83] and Bangert [Ban86] , that a dichotomy between short and long orbits holds for Finsler metrics on S 2 that are C 2 -close to the round metric. We plan to prove an analogous result for our setting in a forthcoming note.
We give two independent proofs of Proposition 1.3. The first one constructs a p c such that p * c τ c is the contact form induced by a convex embedding of S 3 in C 2 . The second one does not construct an explicit p c but proves directly that τ c is dynamically convex. This method has two small advantages. First, the quantitative estimates we get will be related to the geometry of (S 2 , g, σ) in a more transparent way. Second, we can generalize the bound from below on the index of contractible orbits needed for the dynamical convexity to the case of a surface M of genus bigger than 1 as follows. Let Σ c be a sufficiently low energy level of a symplectic magnetic system on such M . Then, Σ c is of contact type and the associated contact structure is homotopically trivial. Therefore, we can define the Conley-Zehnder index µ CZ of a null-homologous periodic orbit γ on Σ c . As we explain in Remark 6.10, we can show that
However, we do not know so far if such inequality has any dynamical implication. The dynamical information given by the existence of a disk-like surface of section for the lifted flow can be transferred to the original flow on Σ c by the means of the following general proposition. Its proof uses Theorem 1.3 in [HWZ98] , which in turn relies on Brouwer's [Bro12] and Franks' theorem [Fra92, Fra96] , and Lemma 5.1 about the linking number of closed orbits of the lifted flow. Proposition 1.5. Let N be diffeomorphic to RP 3 and consider a double cover p : S 3 → N . Let Z ∈ Γ(N ) and let Z ∈ Γ(S 3 ) its lift. If Z has a disk-like surface of section, then Z has either two or infinitely many periodic orbits. The second alternative holds if, in addition, Z has a prime contractible periodic orbit.
Let τ ∈ Ω 1 (N ) be a contact form such that p * τ is tight and dynamically convex. Then, the hypothesis of the theorem is satisfied by Z = R τ .
Combining together Proposition 1.3 and Proposition 1.5 we obtain the main result of this paper. Theorem 1.6. Let σ be a symplectic magnetic form on the Riemannian manifold (S 2 , g). Then, if the energy c is low enough, the magnetic flow X 
Preliminaries
In this Section we set the notation and recall the prerequisites needed in the subsequent discussion. The first subsection describes the conventions and symbols used in the paper. The second subsection is devoted to the basic properties of the tangent bundle of an oriented Riemannian 2-sphere and of magnetic fields. Finally, the third subsection deals with exact Hamiltonian structures and their relationship with contact geometry.
2.1. General notation. Throughout the paper all objects are supposed to be smooth. If M is a manifold we denote by Ω k (M ) the space of k-differential forms on M and by Γ(M ) the space of vector fields on M . If ω ∈ Ω k (M ), we denote by P ω the set of its primitives. Namely,
, we denote by L Z the associated Lie derivative and by Φ Z the flow of Z defined on some subset of R × M . We write its time t flow map as Φ
If (M, ω) is a symplectic manifold and H : M → R is a real function, the Hamiltonian vector field X H is defined by ı XH ω = −dH.
We define now some objects on C n ≃ R 2n . Denote by J st the standard complex structure and by g st the Euclidean inner product. Define the standard Liouville form be the tangent bundle of S 2 and let g be a Riemannian metric on it. This yields a duality isomorphism ♭ : T S 2 → T * S 2 which we use to push forward the metric for tangent vectors to a dual metric g for 1-forms. We write | · | for the induced norms on each T x S 2 and T * x S 2 . From the duality construction we have the identity |l| = sup |v|=1 |l(v)| for every l ∈ T x S 2 . We collect this family of norms together to get a supremum norm · for sections:
The Riemannian metric induces a kinetic energy function E : T S 2 → R defined by E (x, v) := 1 2 g x (v, v). The level sets Σ c := {E = c} ⊂ T S 2 are such that
2 is an S 1 -bundle with total space diffeomorphic to RP 3 .
Consider ∇ the Levi Civita connection of g. Let 
2 gives rise to a flow on T S 2 . The associated vector field X ∈ Γ(T S 2 ) is called the geodesic vector field and can be equivalently defined as
Suppose that we also have fixed an orientation o on S 2 . Then, we combine it with the Riemannian metric g to define the positive Riemannian volume form µ ∈ Ω 2 (S 2 ) and the 2π-periodic flow Φ V ϕ : T S 2 → T S 2 , which rotates every fiber by an angle ϕ. If we denote by  the rotation of π/2, then the generator V of this flow at (x, v) is the verical lift of  x (v). Any orbit of Φ V is closed and its support is Σ c ∩ T x S 2 , for some x ∈ S 2 . In particular Φ V leaves every energy set Σ c invariant and
Finally, we use  and the horizontal lift to add a last distinguished vector field
. Take now a σ ∈ Ω 2 (S 2 ) and construct the symplectic 2-form
, where α is the pull-back of the standard Liouville form on T * S 2 via ♭. We call σ a magnetic form and the triple (S 2 , g, σ) a magnetic system. There exists a unique real function f : S 2 → R called the magnetic strength such that σ = f µ. In the following discussion, we also suppose that the magnetic system is symplectic, namely that σ is a symplectic form. By inverting the orientation we can assume that the magnetic form is positive with respect to o.
We define the magnetic vector field X σ ∈ Γ(T S 2 ) as the ω σ -Hamiltonian vector field associated to E and we refer to Φ X σ as the magnetic flow. As the geodesic vector field, X σ comes from a second order ODE for curves in S 2 :
Here F : T M → T M is the Lorentz force of the magnetic system. It is a bundle map given by g(F x (v), w) := σ x (v, w) and can be expressed using the magnetic strength as
Using the relation between the Levi Civita connection and the horizontal lifts, we find that X σ = X + f V . Since E is a integral of motion for the magnetic flow, Σ 0 is the set of rest points for X σ and, for c > 0, X σ restricts to a nowhere vanishing vector field on Σ c . Scalar multiplication along the fibers (x, v) → (x, √ 2cv) sends Σ c to SS 2 := Σ 1/2 . The push-forward of X σ Σc with respect to this diffeomorphism is √ 2cX+f V . Thus, the dynamics of the magnetic flow is encoded by the 1-parameter family of vector fields
, where the relation between the parameters m and c is given by m(c) = √ 2c. To X m we associate the magnetic curvature function K m :
From now on we also assume that σ (or equivalently f ) is rescaled by a positive constant in such a way that (2.3)
This operation will only induce a corresponding rescaling of the parameter m and, hence, will not affect our study.
From the discussion above, we see that we can restrict our attention to the geometry of SS 2 . Here we have a canonical frame, given by (X, V, H) SS 2 , which induces the dual coframe (α, ψ, η). We have the following three bracket relations and dual differential relations
The frame also yields a volume form inducing an orientation O SS 2 . It is called the Liouville volume form ν ∈ Ω 3 (SS 2 ) and is defined as ν := α ∧ ψ ∧ η. It is easy to define a C 0 -topology and a C 1 -topology for elements Z of Γ(SS 2 ), as well. The former is given by the uniform convergence of the three functions α(Z), ψ(Z) and η(Z). The latter also requires the uniform convergence of the derivatives of these functions along X 1 ≃ R 2 , V and H. With this definition, the Lie bracket is a continuous map from Γ(SS 2 ) × Γ(SS 2 ) endowed with the product C 1 -topology and Γ(SS 2 ) endowed with the C 0 -topology. Pulling back ω σ on SS 2 using again multiplication along the fibers, we also get the family of nowhere vanishing closed 2-forms ω m := mdα−π * σ ∈ Ω 2 (SS 2 ). These are instances of what is generally called an Exact Hamiltonian Structure (or EHS for brevity), which we describe in the next subsection. Every EHS ω yields the one-dimensional oriented foliation ker ω. In general one is interested to study its qualitative dynamics, namely the flow of any positive section of ker ω, up to time reparametrization. Many results on the dynamics depend on finding a special primitive for ω.
Definition 2.2. We say that ω is of contact type if there exists a contact form τ ∈ P ω . If we denote by R τ the Reeb vector field of τ , then one among R τ and −R τ is a positive section of ker ω. We say that ω is of positive or negative contact type accordingly.
Remark 2.3. If we fix any positive section Z of ker ω, being of positive (respectively negative) contact type is equivalent to finding τ ∈ P ω such that τ (Z) : N → R is a positive (respectively negative) function. In this case R τ = Z τ (Z) . The most direct way to detect the contact property is to use Remark 2.3. However, this method could be difficult to apply, especially if we want to prove that an EHS is not of contact type, since we should check that every function τ (Z) vanishes at some point. This difficulty is overcome by the following necessary and sufficient criterion contained in McDuff [McD87] .
Proposition 2.4. Let ω be an EHS and Z be a positive section of ker ω. Then, ω is of positive (respectively negative) contact type if and only if the action of every null-homologous Z-invariant measure is positive (respectively negative).
We recall that a Z-invariant measure ζ, is a Borel probability measure on N , such that
We associate to ζ an element
Suppose Z is a positive section of ker ω, with ω an EHS, ζ is null-homologous (namely ρ(ζ) = 0) and τ ∈ P ω . Then, we define the action of ζ, which does not depend on τ , as
The importance of being of contact type relies on the fact that we can use results for Reeb flows to understand the qualitative dynamics of an EHS. Besides the solution of the Weinstein conjecture in dimension 3, which we discussed briefly in the introduction, we are interested in the work of Hofer, Wysocki and Zehnder [HWZ98] . To state it we need to define the Conley-Zehnder index of a closed Reeb orbit. We refer to [HK99] for the proofs and further details.
Reeb vector fields and the Conley-Zehnder index.
We start with the definition of the index for a path with values in Sp(1), the group of 2 × 2-symplectic matrices. For any T > 0, we set Sp T (1) :
Given Ψ ∈ Sp T (1) we associate to every u ∈ R 2 \ {0} a winding number ∆θ(Ψ, u) as follows. Let
Then, I(Ψ) is a closed interval of length strictly less than 1/2. We notice that the set e 2πiI(Ψ) ⊂ S 1 is completely determined by the endpoint Ψ(T ). In particular, we see that Ψ is nondegenerate if and only if Z ∩ ∂I(Ψ) = ∅. We define the ConleyZehnder index for the non-degenerate case as (2.10)
Then, we extend the definition to the degenerate case by taking the maximal lower semicontinuous extension. This amounts to using the same recipe as for the nondegenerate case, but for an interval I(Ψ) − ε, shifted to the left by an arbitrary small amount. With this definition we have that, for any k ∈ Z,
We move now to describe the Conley-Zehnder index of a closed Reeb orbit. Suppose we have a three-manifold N with a contact form τ with induced contact structure ξ := ker τ and Reeb vector field R τ . Assume that its first Chern class
∈ Sp T (1) be the path of symplectic matrices given by
The hypothesis on the Chern class ensures that this number does not depend on the pair (D, χ).
A contact form τ on N such that c 1 (ker τ ) π2(N ) = 0 is said to be dynamically convex if, for every contractible periodic Reeb orbit γ, µ CZ (γ) ≥ 3.
Then, the main result in [HWZ98] can be stated as follows.
Theorem 2.6 (Hofer, Wysocki and Zehnder, 1998). The Reeb flow of a tight dynamically convex contact form on S 3 admits a disk-like surface of section.
We recall that if Z is a vector field on a closed 3-manifold N , a global surface of section for Z is an embedded compact surface i : S ֒→ N such that
• the boundary of S is the union of supports of periodic orbits for Z;
• the vector field Z is transverse toṠ := S \ ∂S;
• every flow line hits the surface in forward and backward time. Under these hypotheses we can define a first return map FṠ :Ṡ →Ṡ, whose discrete dynamics carries important information about the qualitative dynamics of Z. Making use of such a map and the work of Brouwer ([Bro12] ) and Franks ([Fra92] and [Fra96] ) on area-preserving maps of surfaces, we get the following corollary.
Corollary 2.7. Suppose Z ∈ Γ(S 3 ) is a volume-preserving vector field having a disk-like surface of section. Then, Φ Z has 2 periodic orbits γ 1 and γ 2 which form a Hopf link (namely they are unknotted and the absolute value of their linking number is 1). Either these are the only periodic orbits or there are infinitely many of them. In particular the second case holds if there exists a knotted periodic orbit or if there are two periodic orbits γ and γ ′ such that | lk(γ, γ ′ )| = 1. The statement above is true if we take Z = R τ , where τ is a tight dynamically convex contact form on S 3 .
Energy levels of contact type
With the next proposition we resume our discussion about the magnetic flow showing that ω m is, indeed, an EHS and that the dynamics of the underlying foliation is given by the magnetic flow. Proof. We know that ω m is closed and nowhere vanishing. It is also exact since H 2 (SS 2 , R) = 0. The exactness can also be proven in the following way, which has the advantage to exhibit a distinguished class of primitives.
Let σ := σ − Kµ ∈ Ω 2 (S 2 ). We observe that it is an exact form since (3.1)
Hence, π * σ = π * σ + π * Kµ = π * σ − dψ, so that π * σ, and hence ω m , is exact. In particular, we have the injections P σ ֒→ P ωm : β → τ m,β := mα − π * β + ψ. To prove that X m is a positive section of ker ω m , it is enough to prove that X σ Σc is a positive section of ker(ω σ ) Σc . This last statement is true because X σ is the ω σ -Hamiltonian vector field of E.
Thanks to Proposition 3.1, it is meaningful to define the set Con(g, σ) ⊂ (0, +∞) of all the values of m such that ω m is of contact type.
The first important piece of information about the contact property is that ω m cannot be of negative contact type.
Proposition 3.2. The Liouville measure ν is an X m -invariant null-homologous measure and its action is positive. Therefore ω m cannot be of negative contact type.
Proof. Noticing that α∧π * σ = 0, we find that ν = α m ∧ω m and, hence, ı X m ν = ω m . Since ω m is exact, this identity gives at once that ν is X m -invariant and nullhomologous (the latter fact could also be deduced from H 1 (SS 2 , R) = 0). If we fix β ∈ P σ , the action is given by
The integral of β x (v) vanishes since ν is preserved under (x, v) → (x, −v) but β x (v) changes sign. Since m 2 + f , which is the remaining part of the integrand is positive, the action is also positive. Using Proposition 2.4 we conclude that ω m is not of negative contact type.
Before we state a proposition giving a sufficient condition for a positive number m to be in Con(g, σ) , we give the following definitions:
Moreover, for every β ∈ P σ , we set h m,β := τ m,β (X m ), which is a function on SS 2 .
Proposition 3.3. Let (S 2 , g, σ) be a symplectic magnetic system normalized as in (2.3). Then, for m ∈ C(g, σ), there exists β ∈ P σ such that τ m,β ∈ P ωm is a contact form and, hence, ω m is of positive contact type. Therefore,
Furthermore the following inclusions hold
Proof. Proving that τ m,β ∈ P ωm is a contact form is equivalent to showing that
, we have the equivalence
Taking the infimum over β ∈ P σ , we see that if m ∈ C(g, σ), then ω m is of positive contact type. Furthermore we have
A
, where m − (g, σ) and m − (g, σ) (defined as before) are the roots of the second degree equation
Remark 3.4. We can extend the families X m and ω m in m = 0, getting X 0 = f V and ω 0 = −π * σ. Since σ is symplectic, Proposition 3.1 holds also in this case and we find that, for any β ∈ P σ , τ 0,β is a contact form whose Reeb vector field is V .
A class of examples: surfaces of revolution
To construct a surface of revolution, take any function γ : [0, ℓ γ ] → R such that
(1) γ(t) = 0 if t = 0 or t = ℓ γ and is positive otherwise, (2)γ(0) = 1,γ(ℓ γ ) = −1 and |γ(t)| < 1 for t ∈ (0, ℓ γ ), (3) all even derivatives of γ vanish for t ∈ {0, ℓ γ }, (4) the following condition is satisfied
A function γ satisfying the first three hypotheses of the list is called a profile function. If also the fourth one holds, we say that γ is normalized. Let S 2 γ be the quotient of [0, ℓ γ ] × R/2π with respect to the equivalence relation that collapses the set {0} × R/2π to a point and the set {ℓ γ } × R/2π to another point. We call these points the south and north pole, respectively. Outside the poles the smooth structure is given by the coordinates (t, θ) ∈ (0, ℓ γ ) × R/2π, which also determine a well-defined orientation on S 2 γ . We put on S 2 γ the Riemannian metric g γ , defined in the (t, θ) coordinates by the formula g γ = dt 2 + γ(t) 2 dθ 2 . This metric extends smoothly to the poles because of conditions 2 and 3 listed before. Moreover condition 4 yields the normalization vol gγ (S 2 γ ) = 4π. Let us denote by (t, θ, v t , v θ ) the coordinates on the tangent bundle and let ϕ ∈ R/2πZ be the angle defined by the relations
Then, (t, ϕ, θ) are coordinates on SS 2 γ , which are compatible with the orientation O SS 2 defined in Section 2.2. By writing the Levi Civita connection in coordinates, we can express the frame (X, V, H) in terms of the frame ( ∂ t , ∂ ϕ , ∂ θ ) associated to these coordinates and vice versa:
We have put a hat on ∂ t and ∂ θ to distinguish them from the coordinate vectors ∂ t and ∂ θ associated to the coordinates (t, θ) on S 2 γ . We consider as a magnetic form on the surface SS 2 γ , the Riemannian volume form µ γ . This is a symplectic form which satisfies normalization (2.3). In coordinates (t, θ) we have µ γ = γdt ∧ dθ. With this choice f ≡ 1 and µ γ = (1 − K)µ γ . We recall that the Gaussian curvature K is given by the formula K = −γ 
With these definitions and thanks to the fact that f is constant, Proposition 3.3 reduces to the following relations:
In particular, the smaller m γ is, the bigger the set C γ will be. In the next subsection we compute m γ , showing that there exists β γ ∈ P µ γ such that m γ = β γ .
4.1. Estimating the set of energy levels of contact type. Consider an arbitrary closed Riemannian manifold (M, g). Let Z ∈ Γ(M ) be a vector field that generates a 2π-periodic flow of isometries on M . The projection operator on the space of Z-invariant k-forms
Proposition 4.1. The operators M k Z commute with exterior differentiation: Z is a flow of isometries. We take some (x, v) ∈ T M and compute
Hence |M 1 Z (β) x | ≤ β and taking the supremum over x in M finishes the proof.
Let us apply this general result to S 2 γ . Consider the coordinate vector field ∂ θ . This extends to a smooth vector field also at the poles and Φ ∂ θ is a 2π-periodic flow of isometries on the surface. Applying Proposition 4.1 to this case, we get the following corollary.
Proof. First, µ γ is ∂ θ -invariant since Φ ∂ θ is a flow of isometries and thus µ γ and K are invariant under the flow. Second, if β ∈ P µ γ , then the previous proposition
Suppose now that β lies in
The function β θ is uniquely defined by dβ = µ γ = (1−K)µ γ and the fact that it vanishes on the boundary of [0, ℓ γ ]. In fact,
Recalling the formula for K, we haveβ θ = γ +γ. Hence, β θ = Γ +γ, where
is the only primitive of γ, such that Γ(0) = −1. Notice that
(1) Γ is increasing, (2) Γ(ℓ γ ) = −1 + ℓγ 0 γ(t)dt = −1 + 2 = 1, (3) the odd derivatives of Γ vanish at the boundary of its domain.
Since β θ and its derivatives of odd orders are zero for t = 0 and t = ℓ γ , the 1-form β γ := β θ dθ is well defined also at the poles and belongs to
Finally, the norm of this new primitive is less than or equal to the norm of β:
Summing up we have proven the following proposition. 
Γ(t) +γ(t) γ(t) .
Using the previous proposition, we can compute m γ directly from the function γ. As an application, we now produce a simple case where m γ can be bounded from above. (
Since Γ(t 0 ) +γ(t 0 ) = β γ θ (t 0 ) ≥ 0 andγ(t 0 ) > 0, we see that 1 − K ≥ 0. Moreover, using that Γ(t 0 ) < 0, we get
Finally, exlpoiting Equation (4.14) again, we find
The fact that C γ = (0, +∞) now follows from relation (4.6).
To complement the previous proposition we show that if, on the contrary, we assume that the curvature of S 2 γ is sufficiently concentrated at one of the poles, m γ can be arbitrarily large. We are going to prove this behaviour in the restricted class of strictly convex surfaces since, as we explain later, we conjecture that the magnetic systems are of contact type at every energy level in this case. Before we need a preliminary lemma. Recall that S 2 γ is convex, i.e. K > 0, if and only if γ(t) < 0 on (0, ℓ γ ) and ... γ (t) < 0 for t ∈ {0, ℓ γ }.
Lemma 4.5. For every 0 < δ < π 2 and for every ε > 0 there exists a normalized profile function γ δ,ε such that S 2 γ is convex and (4.17)γ δ,ε (δ) < ε.
Proof. Given δ and ε, we find a ∈ ( In order to get the normalization in such a way that inequality (4.17) is not spoiled, we stretch the sphere in the interval (−( πa 2 − δ), πa 2 − δ). We claim that, for every C > 0 there exists a diffeomorphism F C : R → R with the property that
• it is odd: ∀t ∈ R, F C (t) = −F C (−t); The last quantity tends to infinity as C tends to infinity.
Proof of Proposition 1.1. Fix an ε 0 < 1. Take any δ < √ 1 − ε 0 and consider the normalized profile function γ δ,ε0 given by the lemma. Then, we know that
In the same way we find Γ δ,ε0 (δ) ≤ −1 + δ 2 . From these two inequalities we get
This yields the following lower bound for m γ δ,ε 0 :
The proposition is proven taking δ small enough.
To sum up, we saw that the rotational symmetry gives us a good understanding of the set C γ . Understanding the set Con γ is more subtle. In the next subsection we perform this task only numerically and when K m > 0. As a first step, we will briefly study the symplectic reduction associated to the symmetry and the reduced dynamics in this case (for the general theory of symplectic reduction we refer to [AM78] ). Proposition 4.7 and the numerical computation outlined in Section 4.1 suggest that, if K m > 0, the contact property holds. To complete the picture, we show in Proposition 4.8 that the positivity assumption is not necessary and in Proposition 4.9 that there are cases where the positivity assumption fails and that are not of contact type.
4.2. The symplectic reduction. As a first step we observe that the flow Φ ∂ θ lifts to a flow dΦ
θ ′ in coordinates is simply translation in the variable θ: dΦ
Hence, dΦ ∂ θ is generated by ∂ θ . As the flow Φ ∂ θ = dΦ ∂ θ is 2π-periodic and acts freely on SS 2 γ , we can form the quotient SS 2 γ of SS 2 γ with respect to this R/2πZ-action and the quotient map π : SS 2 γ → SS 2 γ will be a submersion. The variables t and ϕ descend to coordinates defined on SS 2 γ minus two points, which are the fibers of the unit tangent bundle over the south and north pole. In these coordinates we simply have π(t, ϕ, θ) = (t, ϕ). In particular, SS 2 γ is diffeomorphic to a 2-sphere. In the next proposition we deal with critical points of I m,γ . In particular we show that, if K m > 0, the only critical points are the maximizer and the minimizer (which are unique). In this case the dynamics of X m γ is very simple: besides the two rest points, all other orbits are periodic and wind once around in the complement of these two points. ± mγ(t) = γ(t).
In this case {(t, ±π/2, θ) | θ ∈ R/2πZ} is the support of a closed orbit for X m γ . These are exactly the periodic orbits whose projection to S We prove now uniqueness under the hypothesis on the curvature. We carry out the computations for I + m,γ only. To prove that the absolute maximizer is the only critical point, we show that if t 0 is critical, the function is concave at t 0 . Indeed,
The picture below shows qualitatively I In order to decide whether ω γ m is of contact type or not, the first thing to do is to compute the action of latitudes. We do this in the next proposition. . We call the associated invariant probability measure ζ t0 . Its action is
s is a periodic orbit by the previous proposition. On the support of this orbit we have
and, as a consequence,
Since this is a constant, we get the identity (4.30) for the action. The second identity is proved using the definition of I m,γ :
Under the curvature assumption, I mt 0 ,γ is maximized or minimized at supp ζ t0 according to the sign ofγ(t 0 ). In any case I mt 0 ,γ on supp ζ t0 andγ(t 0 ) have the same sign. Hence, also the third statement is proved.
This proposition shows that, when K m > 0, the action of the periodic orbits that project to latitudes is not an obstruction for ω γ m to be of contact type.Thus, as we also discuss in the next subsection, one could conjecture that under this hypothesis ω γ m is of contact type. On the other hand, we claim that having inf K + 1/m 2 > 0 is not a necessary condition for the contact property to hold. For this purpose it is enough to exhibit a non-convex surface for which m γ < 2. This can be achieved as a consequence of the fact that the curvature depends on the second derivative of γ, whereas m γ depends only on the first derivative. We can start from S 2 γ , the round sphere of radius 1, and find a non-convex surface of revolution S 2 γ , which is C 1 -close to the sphere and coincides with it around the poles. Then,
can be taken to be smaller than 2 since it is close as we like to m γ0 = 0. Hence, every energy level of (S 2 γ , g γ , µ γ ) is of contact type and we have proved the following proposition.
Proposition 4.8. The condition K m > 0 is not necessary for Σ 1/2m 2 to be of contact type.
On the other hand, we now show that is not true in general that the contact property holds on every energy level.
Proposition 4.9. There exists a symplectic magnetic system (S 2 , g, σ) that has an energy level not of contact type.
Proof. We will achieve this goal by finding m and γ such that X m γ has a closed orbit projecting to a latitude with negative action. Then, the proof is complete applying Proposition 2.4.
Fix some ε ∈ (0, 1). We claim that, for every δ ∈ (0, π/2), there exists a normalized profile function γ δ,ε such that 2 ) < −ε and therefore γ a satisfies (4.33) (up to a shift ot the domain). Now we stretch an interval compactly supported in (δ − πa 2 , πa/2) by a family of diffeomorphisms F C as we did in Lemma 4.5 (even if here the condition on the second derivative is not necessary). Thus we obtain a family of profile functions γ C a satisfying (4.33). Since the area diverges with C, we find C 2 > 0, such that γ C2 a is normalized. This finishes the proof of the claim.
Given γ δ,ε satisfying (4.33), we have that γ δ,ε (δ) ≤ δ and Γ δ,ε (δ) ≤ −1 + δ 2 . The latitude at height t = δ of such surface is a closed orbit for X m δ,ε γ δ,ε , where m δ,ε := γ δ,ε (δ) |γ δ,ε (δ)| . Using formula (4.30) we see that the action of the corresponding invariant measure ζ δ,ε is negative for δ small enough:
4.3. Action of ergodic measures. When K m > 0, we also have a way to compute numerically the action of ergodic invariant measures. We consider only ergodic measures since they are the extremal points of the set of probability invariant measures by Choquet's Theorem and, therefore, it is enough to check the positivity of the action of these measures, in order to apply Proposition 2.4. Every ergodic measure ζ is concentrated on a unique level set {I m,γ = I(ζ)}, for some I(ζ) ∈ R. Using this identity, we computed with Mathematica the action for ellipsoids of revolution and we found that is positive on every energy level. By Proposition 2.4 this implies that for these systems Con(g, σ) = (0, +∞), hence corroborating Conjecture 1.2. On the other hand, we know that, when the ellipsoid is very thin, its curvature will be concentrated on its poles and hence, by Proposition 1.1, the set C(g, σ) is not the whole (0, +∞). Therefore, these data would also show that, in general, the inclusion C(g, σ) ⊂ Con(g, σ) is strict.
Periodic orbits and double covers
The aim of this section is to establish Proposition 1.5. Consider RP 3 as the quotient of S 3 by the antipodal map A : S 3 → S 3 . Then, we have a double cover p : S 3 → RP 3 , with the map A as the only non-trivial deck transformation. There is a bijection Z → Z between Γ(RP 3 ) and Γ A (S 3 ) ⊂ Γ(S 3 ) the subset of A-invariant vector fields. The antipodal map permutes the flow lines of Z. Moreover, a lift of a trajectory for Z is a trajectory for Z and the projection of a trajectory for Z is a trajectory for Z. In the next lemma we restrict this correspondence to prime contractible periodic orbits of Z.
Lemma 5.1. There is a bijection between contractible prime orbits z of Z and pairs of antipodal prime orbits { z, A( z)} of Z such that z and A( z) are disjoint. Furthermore, the linking number lk( z, A( z)) between them is even.
Proof. Associate to a contractible periodic orbit z its two lifts z 1 and z 2 = A( z 1 ). Since z is contractible both lifts are closed. They are also prime since a lift of an embedded path is still embedded. Suppose that the two lifts intersect. Then there exist points t 1 and t 2 such that z 1 (t 1 ) = z 2 (t 2 ). Applying p to this equality, we find z(t 1 ) = z(t 2 ) and so t 1 = t 2 modulo the period of z. Hence, z 1 = z 2 contradicting the fact that the two lifts are distinct.
For the inverse correspondence, associate to two antipodal disjoint prime periodic orbits { z, A( z)} their common projection p( z). The projected curve is contractible since its lifts are closed. Moreover, it is prime since if p( z)(t 1 ) = p( z)(t 2 ), either z(t 1 ) = A( z)(t 2 ) and z and A( z) are not disjoint or z(t 1 ) = z(t 2 ) and t 1 = t 2 modulo the period of z.
We now compute the linking number between the two knots. Consider S 3 as the boundary of B 4 , the unit ball inside R 4 and denote still by A the antipodal map in B 4 , which extends the antipodal map on S 3 . Take an embedded surface S 1 ⊂ B 4 such that ∂S 1 = z 1 and transverse to the boundary of B 4 . By a small perturbation we can also assume that 0 ∈ B 4 does not belong to the surface. The antipodal surface S 2 := A(S 1 ) has the curve z 2 as boundary and lk( z 1 , z 2 ) is equal to the intersection number between S 1 and S 2 . By perturbing again S 1 we can suppose that all the intersections are transverse. Indeed, if we change S 1 close to a point z of intersection, this will affect S 2 = A(S 1 ) only near the antipodal point A(z) = −z, which is different from z since the origin does not belong to S 1 . Now that transversality is achieved, we claim that the number of intersections is even. In fact, if z ∈ S 1 ∩ S 2 , then A(z) ∈ A(S 1 ) ∩ A(S 2 ) = S 2 ∩ S 1 and z and A(z) are different since z = 0. This implies that the intersection number between the two surfaces is even as well and the lemma is proven. We also notice that the sign of the intersection at z is the same as the sign at A(z), since A preserves the orientation. Thus, we cannot conclude that the total intersection number is zero and indeed for any k ∈ Z one can find a pair of antipodal knots, whose linking number is 2k.
Proof of Proposition 1.5. We can suppose without loss of generality, that N = RP 3 and that p is the quotient covering map. By Corollary 2.6 there exist two prime closed orbits z 1 and z 2 of Z forming a Hopf link and if there is any other periodic orbit geometrically distinct from these two, Z has infinitely many periodic orbits.
We claim that z 1 := p( z 1 ) and z 2 := p( z 2 ) are geometrically distinct closed orbits for Z on RP 3 . If, by contradiction, z 1 = z 2 , by Lemma 5.1, z 1 and z 2 are antipodal and their linking number should be even. This is a contradiction since |lk( z 1 , z 2 )| = 1. Therefore, we conclude that z 1 and z 2 are distinct. On the other hand, if Z has infinitely many periodic orbits the same is true for Z. Hence, also Z has either 2 or infinitely many distinct periodic orbits.
If Z has a prime contractible periodic orbit w, its lifts w 1 and w 2 are disjoint, antipodal and prime periodic orbits for Z by Lemma 5.1. Since lk( w 1 , w 2 ) is even, { w 1 , w 2 } = { z 1 , z 2 } and, therefore, there are at least three distinct periodic orbits for Z. So there are infinitely many periodic orbits for Z and, hence, also for Z.
The statement about contact forms is a consequence of Theorem 2.6 and the relation R τ = R p * τ .
Dynamical convexity and low energy values
In this last section we present two independent proofs of Proposition 1.3, which allows us to apply Proposition 1.5 and, finally, get Theorem 1.6 about the existence of periodic orbits on low energy levels. As a common step we fix some β ∈ P σ and take an m β > 0 such that (SS 2 , τ m,β ) is a contact manifold for all m ∈ [0, m β ). This is equivalent to asking h m,β > 0 for m in [0, m β ). We denote the Reeb vector field of τ m,β by R m,β := R We construct the double cover p m,β in three steps.
Lemma 6.2. There exists a diffeomorphism F m,β : SS 2 → SS 2 and a function q m,β : SS 2 → R such that
The function q m,β tends to q 0,β ≡ 0 in the C 2 -topology.
Proof. We apply Gray's Stability Theorem to the family m → τ m,β and get F m,β and q m,β satisfying (6.1). In particular, q m,β is obtained integrating in the variable m the equation
with the boundary condition q 0,β (z) = 0. Since the function (m,
, the same is true for (m, z) → q m,β (z). In particular the map m → q m,β is continuous in the C 2 -topology.
Let (S 2 , g 0 , µ 0 ) be the magnetic system on the round sphere of radius 1 given by the area form. We denote by SS 2 0 the unit sphere bundle, by  0 the rotation by π/2 and by ψ 0 the vertical form associated with the metric g 0 . Our next task is to relate τ 0,β with ψ 0 . For this purpose, we need the following proposition due to Weinstein [Wei75] . For a proof we refer to Guillemin's paper [Gui76, Appendix B] about Zoll deformations of g 0 . Proposition 6.3. Suppose E i → S 2 , with i = 0, 1, are two S 1 -bundles endowed with S 1 -connection forms τ i ∈ Ω 1 (E i ). Call σ i ∈ Ω 2 (S 2 ) their curvature forms and suppose they are both symplectic and such that (6.3)
Corollary 6.4. There exists an S 1 -equivariant diffeomorphism B β : SS Proof. We show first that τ 0,β is an S 1 -connection form. If V is the vertical vector field, we have to check that (6.4)
• τ 0,β (V ) = 1, • L V τ 0,β = 0.
Using Cartan's identity for the second equation we see that these requirements are equivalent to saying that V is the Reeb vector field of the contact form τ 0,β and, hence, they are satisfied. Since dτ 0,β = −π * σ, we also know that the curvature form of the connection associated to τ 0,β is exactly −σ. By normalization (2.3), condition (6.3) is met and the previous proposition can be applied to get B β .
What we have found so far tells us that we only need to study the pullback of the contact form to S 3 in the standard case. This will be our next task. The ideas that we use come essentially from [CO04] and [HP08] .
Identify C 2 with the space of quaternions by setting 1 := (1, 0), i := (i, 0), j := (0, 1) and k := (0, i). Then, left multiplication by i corresponds to the action of J st . Let υ : S 3 → C 2 be the inclusion of the unit Euclidean sphere. Identify the Euclidean space R 3 with the vector space spanned by i, j, k endowed with the restricted inner product. We think the round sphere (S 2 , g 0 ) as embedded in this version of the Euclidean space. Then, the unit sphere bundle SS 2 0 is embedded in R 3 × R 3 as the pair of vectors (u 1 , u 2 ) such that u 1 , u 2 ∈ S 2 and g st (u 1 , u 2 ) = 0. Under this identification of the sphere bundle, if z = (u 1 , u 2 ) ∈ SS as a consequence of the relation between the Levi Civita connections on S 2 and R 3 . For any U ∈ S 3 , we define a map C U : R 3 ֒→ R 3 by C U (U ′ ) = U −1 U ′ U . The quaternionic commutation relations and the compatibility between the metric and quaternionic multiplication tell us that C U restricts to an isometry of S 2 . Hence, its differential dC U yields a diffeomorphism of the unit sphere bundle onto itself given by (u 1 , u 2 ) → d u1 C U (u 2 ) = (C U (u 1 ), C U (u 2 )). Moreover, since C U is an isometry, (dC U ) * ψ 0 = ψ 0 . We are now ready to define the covering map p 0 : S 3 → SS Proof. First of all we prove that both sides of (6.6) are invariant under right multiplication. For every U ∈ S 3 , we define R U : S 3 → S 3 as R U (U ′ ) := U ′ U . Then, the identity p 0 • R U = dC U • p 0 holds. Let us show that p * 0 ψ 0 is right invariant: (6.7) R * U p * 0 ψ 0 = (p 0 • R U ) * ψ 0 = (dC U • p 0 ) * ψ 0 = p * 0 (dC U ) * (ψ 0 ) = p * 0 ψ 0 . On the other hand, υ * λ st is also right invariant:
where we used that R U : C 2 → C 2 is an isometry. Thus, it is enough to check equality (6.6) only at the point 1. A generic element W of T 1 S 3 can be written as si + wj = si + jw, where w = w 1 1 + w 2 i and w := w 1 1 − w 2 i. Then, (6.8) (υ * λ st ) 1 (W ) = g st i1, W = g st i, si + wj = s.
On the other hand, we have that d 1 p 0 (W ) = (iW − W i, jW − W j). From the definition of ψ 0 we see that we are only interested in the second component:
(6.9) jW − W j = j(si + jw) − (si + wj)j = −2sk + (w − w) = −2sk + 2w 2 i.
Now we apply formula (6.5) with (u 1 , u 2 ) = (i, j) and v 2 = −2sk + 2w 2 i. In this case  0u 1 is left multiplication by i, so that  0u 1 (u 2 ) = ij = k and we find that (6.10) g st − 2sk + 2w 2 i − g st − 2sk + 2w 2 i, 1 1, k = −2s.
Comparing (6.8) with (6.10) we finally get (p * 0 ψ 0 ) 1 = −2(υ * λ st ) 1 .
Putting things together, we arrive at the following intermediate step.
Proposition 6.6. There exists a covering map p m,β : S 3 → SS 2 and a real function q m,β : S 3 → R such that 
